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Certain entire functions are studied for Chebyshev rational approximations on
the positive real axis, It is shown that each function of this class has a geometric
convergence property.

1. INTRODUCTION

Let =, denote the collection of all real polynomials of degree at most m
and 7, , the collection of all real rational functions r,, ,(x) = pu(x)/g.(x);
P € T » Gn € T, . Let f(z) be an entire function Yy, @,2* == 0 with non-
negative a;, and let

. 1
Apn = inf SUp |~ — Fpoalx
m, P |76y — )

T 0<EL00

denote the Chebyshev constants for 1/fin [0, -+ o0).

In some recent papers Meinardus and Varga [3], Meinardus, Reddy,
Taylor and Varga [4], and others (see [1, 5, 6, 7, 8]) have considered these
constants. In [3] Meinardus and Varga proved the following:

THEOREM A. Let f(2) = Yy o aiz® be an entire function of perfectly
regular growth order p(0 < p << ), with nonnegative coefficients. Then

1 1 21/" 1

N A R 6 R T B

n—>x0

sup
0<a<0

where s,(X) = Yrp_o @X®.

THEOREM B. Assume the hypothesis of Theorem A. Then for any sequence
{m(n)}>_, of nonnegative integers with m(n) < n for all n >0

lim Sup{)‘m(n)m}l/n <21/D .
n->w
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FUNCTIONS OF PERFECTLY REGULAR GROWTH 13

THEOREM C. Assume the hypothesis of Theorem A. Then
1

22+1/o

lim sup(Ay )*/*

n—->wo

In this paper we place a less restrictive hypothesis on the maximum
modulus M(r, f) and obtain extensions of Theorems A, B and C. The proof
uses Approximation techniques of Meinardus and Varga [3] with modifica-
tions necessary to use a wider class of comparison functions.

THEOREM 1.

(a) Let f(2) be an entire function with nomnegative coefficients and
f(0) > 0.

(b) Suppose that f(z) is of order p(0 < p < ©) and of perfectly regular
growth with respect to a proximate order p(r), that is

. log M(r, .
lim —%ﬁﬁ_ﬁ =1, limp(r) = p. (1.1)

r->

Let p(r) > O for r = x4 , and let w be a real valued function defined on [x, , c0)
by the relation

w(p(x) X)) = 1]p(x).
(c) Assume that xw(x){log x — log ep} is convex on (x, , o0).

‘Then
lim SR
sa(x)  f(x)

N>

sup
o<z<o

= ﬁ;’ (1.2)

sl/n 1

where s,(x) is the nth partial sum of the series f(x) = Y 5_o aiX*.

1/n 1
llm Sup A’_) n \ 21/9 . (1.3)

P2tijp =

For any sequence {m(n)}._, of nonnegative integers with m(n) < n for all
n>=0,

lim sup()‘m(n).n)l/n < 3ijs * (1.4)

COROLLARY 1.1. Assume the hypotheses (a) and (b). If p"(x) exists and
is o(1/x? log x) as x — co, then the condition (<) is satisfied and the conclusions
(1.2), (1.3) and (1.4) hold.

Let /;x denothe the kth iterate of the logarithmic function /,x = log x.
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COROLLARY 1.2. Assume the hypothesis (a). If
log M(r, f) ~ Aro(£yr)* -+ (£r)*™(4 >0, p > 0,
o’s are any real numbers) then the conclusions (1.2), (1.3) and (1.4) hold.

In the sequel n > n, (or x > x,) will mean that n (resp. x) is sufficiently
large. The value n, (or x,) will in general vary.

2. PrOOF OF THEOREM 1

(i) TItis known that [9; pp. 209-210] w(x) is continuous on [x, , co) and
x = {yw(y)}*¥. Further w(x) is differentiable for x > x, except at isolated
points at which o’'(x — 0) and w'(x + 0) exist and satisfy

lim w(x) = 1/p, lim xw'(x) log x = 0. 2.1

Let f(2) = Yr_o axz*. Given € > 0 we have [9] for all n > ny(x, , €),

—w(n)

< (1 + ¢ g % 2.2)

and there exists a sequence {n,} of strictly increasing positive integers such
that lim,, 1y41/n, = 1 and (writing a,, = a(n,)),

—wing)
, p=12.. (2.3)

a(n,)!'™ > (1 — €) 122

Now, for n > n,,

1 1 o ep w(k) 1
00— — =< 1 k
ST <L, R N smre:
Write, for n > n,,
- 1 n + 24 (n+2)w(n+2) ep (n+1w(n+1)
X(n)—l—l—e( ep) (n+1) ’
_ —n * < _
8, = exp ( Tog 7 ), T X( ) and let 0 << x < X(m)(1 — 3,).
Using the convexity hypothesis we have
1 _ 1 atl ep {(n+l)w(n+1) l 1 4
s.(x)  f(x) < g("(l + ) (n + 1) 1 — T s,(x) f(x)° 24
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Letnbeodd, n + 1 = 2n, . Then

{su(x)}? = a¥(n,)x*"

w(2n,) — w(ny) = o ( (2.5)

1
log n, )’

an+ 2y —ap+ ) =o90 n]ogn)

From (2.3), (2.4) and (2.5) we have for 0 < x < X(m)(1 — 8,), n = 2n, — 1,
P >ny.,

o -f—(l,;)—)l/" <) a+ e _2”5’,‘; 0821 (.6

x> Xl —3,), n=2n, — 1, we have

1 1 /= A/m
(m =) <@

1
=
— w(n,) (log n, — log ¢p));. Q@

< exp {2 2 (log X(m) + log(1 — &,) — log

Now
log X(n) — w(n,)(log n, — log ep) = log ﬁ + a(n)(1 + log 2) + o(1),
and

exp g— 21—p(1 + log 2)§ < exp (/—I%gz_)

Hence we have from (2.1), (2.6) and (2.7), for x > 0

. 1 1 (U —log 2
l;r:ﬂs:i}l) S0 TR < eXp (T) | Q.8
p—»oo
Now write for n > n,,
— 1 —_ 1 -
O = ﬁ s.(x)  f(x) 7)' (29

then since G, | and n,., ~ n,, we get from (2.8) (cf: [3]),

Jimesup | L. — L
el PY e NI ey

n->w

p/n < ( flzg 2 )

(2-10)

640/25/c-2
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(i) Let ¢(z) be the unique (for ¢ > x,) solution of the equation

ﬁ — xo(@), (211)
Then for 1 > x(e),
F(P(®) < exp{(l + €) $(2)*¢} = exp g(l —Zi—Pe)t '

Hence for 0 < x < é(n), n > n,,
0 <00 <f(40) < ep |(1+ 9 .
Let g be any positive number such that

lim sup(Ag, )V/" < ‘11 . (2.12)

n—>c

From part (i) we can take log g > (1 + €)/2p. Hence for 0 < x < é(n),
f(x) < n%. Now (2.12) implies that Ay, < (1/g)* for n > n,. Hence there
exists { p(x)]5_, with p, € m, such that

[P -

P f(x) (x)

This gives, for 0 < x < ¢(n), n > n,,

1P — £ <exp (50 + ) /lg* —exp (- (1 + ). 213

Let, for n == 0,
K, = inf sup | Pa(x) — F(x)I.

ro€my 0<2<d(n)
Then (cf: [3])
(p(m)+*
Kn = 22”+1 an+1 .
Now, for a sequence {n,}, k =2 1[9}, n =n,,

epz (n+Dw(n41)

an+1) = (1 — et |-

(2.14)

Hence we have forn =n,, n > n,,

(n+l)a(n+l)

(1 — o+

_e_;_;_
n

< P+l exp (g a+ E))i / [¢(n)n+1

q* — exp (_Zn; 1+ e))”
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which simplifies to
nlogq <51+ = (n+ Dlogll — 9 + (n + Dl + 1) flog 7]
+@n+ Dlog2 — (n + 1) log ¢(n). (2.15)
Let (T) be the unique solution (for T > x,) of the equation

% = xot), ©.16)

Then for n = px*® = px°L(x) we have x = {(n); and for n > n, ,

and so
w(r) = w(p(e) + 0 (=)
log n
log L1 1 (2.17)
. og L(x)}~
—gp-l- log x +o(logn)‘
Now
log 2
log () — log $() = =25 + o(1),
and so
log2 —1
w(n)(log n — log(ep)) — log $(n) = -‘lg—p— +o(l).  (2.18)
From (2.15) and (2.18) we get
logqg <:+2l0g2+1082=1 | g
P P
where B = B(p). Since e is arbitrary we get
q < 22+1/p,
and consequently, from our choice of g,
lim sup A% > 1/2%+1/, (2.19)
(iii) For x < x4, n =0,
1 1 Ay, x"H

) F) T UH@E (2.20)
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We take n = n, — 1 and use (2.3). Further, for x > x,,

xn+1

Foop = epllr =+ D log x — (2 + ex@} @.21)

Let x = £(n) (n > n,) be the unique solution of the equation

n+1

= y0(®)
T op xot®), 2.22)

We evaluate the right side of (2.21) when x = £(n), and note that

@ o (orw)

w(px"‘”’) =

(log r) g—ﬁl{n—))— - w(n)$ — o(1).

Hence at the point x = §(n), n =n, — 1,

1 1 " —nyw(n,)(log n, — log €p)
e, />/ _— P b4 P P N
ol R UL PN A g
Now log é(n) = (log(n + 1) — log(2 + €) — log p)/p(£(n)), and so
1 | oyt ~log2 + ¢
TS ~ 7o = €) exp 3 p + o(l)g.
Hence by (2.9)
lim inf GY™ > exp g:@gﬁ,g
n=np—1 P
Do
Since G, | and n,, ~ n, we get
lim inf G}/ > exp (:—l%gi) (2.23)

The relation (1.2) follows from (2.10) and (2.23), and (1.3) from (2.10)
and (2.19), and (1.4) from (2.10),since 0 < A, S Ay < " KA <Gt

3. ProOF OF COROLLARY 1.1
Since p”(x) exists (this hypothesis implies that we are working with a

smaller class of proximate orders (cf: [2, pp. 39-41]), p'(x) exists and is
o(l/xlog x). Now if y = p(x) x*® and w(y) = 1/p(x), we get dw/dy =



FUNCTIONS OF PERFECTLY REGULAR GROWTH 19

o(l/y log ), d?w|dy* = o(1/y?logy), y— co. Now let &(x) = xaw(x)
(log x — log ep), then for x > x, , d*¢/dx® > 0. This implies that condition (c)
is satisfied.

Proof of Corollary 1.2. Here
r* = L) = Ar(4r)® - (Gar)™

Hence p”(x) = o(1/x2log x) and so we use Corollary 1.1 to complete
the proof.

4. GEOMETRIC CONVERGENCE

If we are interested in geometric convergence only, that is, in showing that

lim sup A2 < 1,

o . (4.1)

then conditions less restrictive than those of Theorem 1 will suffice. We
state them, in Theorem 2, and omit the proof of this theorem (cf: [4, pp.
180~182)). Let L(r) be a slowly changing function [2, p. 32].

THEOREM 2. Let f(z) be an entire function with nonnegative coefficients,
and f(0) > 0, and of finite positive order p. If for some slowly changing
Junction L(r),

0 < lim inf 28 M"> ) i gup 108 (M7, /)

I r*L(r) rom reL(r) < @,

then f(z2) has the geometric convergence property (4.1).
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